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conserve space. In either system, one can clearly see that the
configuration geometry and lift control the outer nonlinear
region only through the source and doublet distributions at
the axis, in the manner described by Eq. (19). In particular,
the degree of asymmetry of the outer flow is controlled primarily
by <j. In the domain a « 1, the solution to Eqs. (19-21) appro-
aches an axisymmetric one, bearing out the area rule; but the
lift and other asymmetry effects being of the orders a = od3/2T~1/2

and (U3)1/2, are not all together negligible for A = 0(1) ̂  0
[refer to Eq. (19)]. It is of interest to note from Eq. (19) that
even at zero lift, there is a correction proportional to (-d,3)1/2

(d/dx)(XjS\ which is numerically small for most configurations
but is appreciable for planforms without bilateral symmetry,
such as example c in Fig. I.12

Equivalence Rule and Similitude

Inspection of Eqs. (17-19) for a ^ 0(1) and the corresponding
system for a » 1 reveals that the similarity parameters, in
addition to K, are MJy + l)1/2<7 and M^ {(y + I)?!3}1/2. The
more important features of the similitude are the equivalence
rule implied by Eq. (19) and the corresponding equation for
a » 1. In terms of the variables x, rj, co and #, the nonlinear
field structure as well as the far-field pattern are invariant so
long as K is fixed and the equivalent source and doublet dis-
tributions, i.e.,

dS/dx and M^y-^lY'^afj-^^d/dx^XjS)} (20)
remain the same. This rule requires the same cross-sectional
area distribution; the same lateral force distribution is, however,
not strictly required when a and (T/13)1/2 are comparable.

Remarks

The frame work of the study outlined above may be defined,
instead of Eq. (2), by (M^ - 1| « 1, (U3)1/2 « 1 and od3 « 1.
This may be compared with the requirements in a formula-
tion by Cole13 for a class of high aspect ratio wings, namely
[Moo- 1| « 1, T « 1, -d3 = 0(1) = od3. Therefore, the present

formulation, together with Cole's, encompasses the whole range
of L However, like the classical slender-body theory6"8 the
present formulation is not directly applicable to rectangular
planforms, the vicinity of the straight trailing edge of a flat-plate
triangular wing, as well as the neighborhood of any station
containing a slope discontinuity in the surface or planform.
A fuller development of the theory, with supporting numerical
analyses, will appear in subsequent papers. The relations of the
present research to other transonic studies (flowfield computa-
tion, far-field analysis, critical-wing design, etc.) are discussed in
Ref. 14. .
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Cooled Supersonic Turbulent Boundary
Layer Separated by a Forward

Facing Step
FRANK W. SPAID*

University of California, Los Angeles, Calif.

Nomenclature
Cf = skin-friction coefficient
Cp = pressure coefficient
Cp = free interaction parameter, Cp = C/0

1/2(Mg - 1)~1/4

h = step height
M = Mach number
p = pressure
Re = Reynolds number
T = temperature
x = coordinate axis aligned with flow direction, with origin at the step
-Ajc = x distance measured from the beginning of the interaction
6 = boundary-layer thickness
Subscripts
o = undisturbed flow just upstream of the interaction
p = conditions at the plateau, .or first peak in the static pressure

distribution
r = conditions corresponding to recovery temperature
w = conditions at the wall

T HE objective of the present study was to investigate the
effect of wall cooling on separation of a turbulent boundary

layer by a forward-facing step in supersonic flow.

Experimental Apparatus and Technique
Experiments were conducted on the nozzle wall of the 3 x 3

in. supersonic wind tunnel of the UCLA Aerodynamics Labora-
tory, at a nomical Mach number of 2.9. The nozzle block on that
side was water-cooled over its entire length. A water-cooled
brass model which included an adjustable step formed one of the
test section walls.

Model static pressures were measured at 30 locations with the
aid of two Scanivalves and a 0-5 psid transducer. Model and
nozzle block temperatures were sensed at 13 locations by iron-
constantan thermocouples.

Pitot pressure and stagnation temperature surveys of the un-
disturbed boundary layer on the test section wall were conducted
at several locations, for each test condition. Displacement thick-
nesses were consistent with the assumption that transition
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occurred near the nozzle throat. Skin-friction measurements were
made with Preston tubes, using the calibration of Keener and
Hopkins.1 Boundary-layer profiles were transformed by the
method of Baronti and Libby,2 and all transformed profiles agree
quite well with the incompressible law of the wall. Stagnation
temperature profiles obtained with wall cooling showed lower
valuer of stagnation temperature than those corresponding to
the Crocco relation.

The experiments were conducted with the same apparatus and
at the same test section conditions described in Refs. 3 and 4,
which contain additional information concerning the model,
instrumentation, and boundary-layer surveys.

Experiments were conducted with an 0.40-in. step with the
model sealed against the tunnel side walls, without end plates
and with two end plate designs. The end plates were made from
0.010 in. brass sheet, spaced 2.00 in. in the spanwise direction,
aligned with the flow direction, and sealed to the model with
the flow direction, and sealed to the model with silicone rubber.
Two-dimensionality of the flow was evaluated from observation
of oil-flow patterns, and by spanwise variation in static pressure
at x = 0.2 and 1.7 in. Both methods indicated that flowfields
obtained with the end plate design of Fig. 1 were reasonably
two-dimensional. Observations made with a smaller set of end
plates and without end plates showed successively greater
departures from two-dimensionality. Axial distributions of static
pressure along the test section centerline were quite insensitive
to these variations. All data presented here were obtained with
the end plate design of Fig. 1.

Discussion of Results
Static pressure data obtained with the 0.40 in. step are pre-

sented in Fig. 1. Spanwise variation in static pressure distri-
bution is indicated for two cases, which are typical of all test
conditions. The review of data by Zukoski,5 which included
adiabatic flow over a wide range of Mach number and Reynolds
number, showed that the first peak in the pressure distribution
occurred at a distance of approximately 2h upstream of the step,
that the first peak or plateau pressure could be correlated by the
expression pp/p0 = 1 + M0/2, that the distance from the step
to the separation point (located approximately at (P - P0)/
(Pp - P0) = 0.73) was approximately 4.2/z, and that the maxi-
mum extent of the interaction region upstream of the step was
4.2h + 23. Adiabatic data obtained at the maximum Reynolds
number of this investigation agree quite well with these corre-
lations. Data for turbulent boundary layers at low Reynolds
number tend to show an increase in Pp/P0 with decreasing
Reynolds number, and the present adiabatic data also show the
same tendency. A series of data is presented in which T w/Tr and
ReSo were both varied. These data show an increase in Pp/P0
and a decrease in the upstream extent of the interaction, with
decreasing TJTr and Redo. The location of the first peak in the
static pressure distribution did not change appreciably.

Dots on the static pressure plots mark the liquid line locations,
which could be observed only under adiabatic wall conditions.
A comparison between liquid line locations and results of a
dust deposit technique has shown good agreement.3'4 The
values of P/P0 at the liquid line location are essentially the same
as those obtained from earlier compression-corner experi-
ments.3'4 The location of separation as determined from pitot-
pressure or hot-wire data is usually somewhat closer to the
step.5'6

The trends shown in Fig. 1 are substantiated by data obtained
at intermediate Reynolds numbers with the 0.40 in. step, and
with a comparable set of data taken with a 0.31 in. step.

Plateau pressure coefficient data, normalized by a scale factor
obtained from the free interaction theory of Chapman et al.,7
are presented in Fig. 2. These data support the interpretation
that the variation in Cpp with heat transfer or Reynolds number
is associated with the corresponding variation in C/0, in contrast
to the Reynolds number independence of Cp which is observed
for adiabatic flow at higher Reynolds numbers.5

A comparison between data from these experiments and a
correlation suggested by Zukoski is made in Fig. 3. Data are
presented for the region between the beginning of the inter-
action and the first peak in the pressure distribution. The solid
lines represent the range of variation of the adiabatic data pre-
sented in Ref. 5, which correspond to h/60 > 1 and 2 fg M < 6.
Agreement between the present data and the correlation is
generally good for (P - P0)/(Pp - P0) < 0.5, including the value
of the maximum pressure gradient. Downstream of this point
the data reviewed in Ref. 5 showed a tendency to scale with h,
rather than 60, so that the average pressure gradient in this region
tended to decrease with increasing h/d0. This trend is approxi-
mately consistent with the present data for Tw/Tr< 1 shown in
the upper part of Fig. 3, where the pressure rise to the first peak
becomes more abrupt as the over-all length of the interaction de-
creases.

h = 0.40 IN.
o Tw/Tr ~ I
A Tw/Tr < I

2 xlO 3x10* 4x10 5x10
Re*

Fig. 2 Plateau pressure coefficients normalized by free interaction
parameter.
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Static pressure distributions from the present experiments com-
pared with the correlation of Ref. 5.
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Conclusions
Results of the present experiments show increasing plateau

pressure and decreasing length of the interaction region with
decreasing Reynolds number and decreasing wall-to-recovery
temperature ratio. Values of plateau pressure coefficient were
proportional to the square root of the skin-friction coefficient
of the undisturbed boundary layer, a scaling law derived from
Chapman's formulation of free interaction, and maximum static
pressure gradients were found to agree reasonably well with
Zukoski's correlation of adiabatic data.
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Direct Measurement of the Velocity
Gradient in a Fluid Flow

ROBERT H. KIRCHHOFF* AND EUGENE K. Vocif
University of Massachusetts, Amherst, Mass.

Introduction

THE usual technique of constructing the velocity gradient in
a fluid flow is to measure the velocity profile and then numer-

cally or graphically differentiate the data. This technique is in-
herently inaccurate because it is an averaging technique. Points
of inflection and large gradients in the velocity profile are either
inaccurately measured or not detected.

In this research, a fundamental extension of the hot-wire tech-
nique was used to measure directly the gradient of the mean velo-
city profile. Basically, the method requires the use of a vibrating
hot-wire anemometer. It will be shown that the oscillatory ane-
mometer response is proportional to the velocity gradient in
the flow. Detection of the oscillatory signal of the hot-wire at
the frequency of forced oscillation with a Lock-In Amplifier
(LIA) gives the direct measurement of the velocity gradient.

The technique has direct application to the diagnosis of stra-
tified flows, the fluid mechanics of the air-sea interface, and the
phenomeonological description of turbulence.
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Theory

Figure 1 is a schematic of a hot wire probe oscillating in a fluid
flow of mean velocity u(x9 y). The probe is constrained to oscillate
in the y-z plane perpendicular to the velocity w(x, y). The wire
performs simple harmonic motion according to the relation

y(t) = y0 + Rsincot (1)
where R is the amplitude of the oscillation at a fixed point x0,
and co is the radian frequency of forced oscillation. The velocity
V as seen by the probe may be written as

V=[u(x,y)2 + (coR)2cos2cot]i/2 (2)
Suppressing the argument x, the velocity u2(y) may be expanded
in a Taylor series about yQ and combined with Eq. (1) and (2) to
form the following relation for the velocity Fas seen by the probe
V2(t) = u2 + (R2/2)(uu" + u'2 + co2) + sin cot {2uu'R +

(R3/4)(uu"f + 3u'u")} + cos2cot{(coR)2/2 - R2u'2/2 -
R2uu"/2] + sin Scot {-R3/12(uum + Su'ii")} + ... (3)

Let d be the scale length of the gradient of M in the y direction.
Define a dimensibnless distance y* = y/5 and a dimensionless
velocity u* = u/U^. Equation (3) may then be written as
V\f) = Un* {u*2 + &R/d)2 (u*u'f* + u'*2 + co2) +

[2u*u'*R/6 + (R/6)3 (tt*w'"*/4 - Jw'V*)] sincot +
[co2/2(R/d)2 - (Rid)2 u'*212 - CR/(5)2i/*tt"*/2]
cos 2cot + [ - (R/6)3 (u*u'"*ll2 +

u'*u"*/4)~\ sin 3cot + ...} (4)
If R/S can be made « 1 and consideration is given to the
coefficient of sin cot then Eq. (3) may be written approximately as

V2(f) ^2uu'Rsmcot (5)
Similarly if it is desired to consider terms at frequency 2co9 then
Eq. (3) may be written approximately as

V\t) = (R2/2) [co2 - u'2 - u u"'} cos 2cot (6)
If the oscillatory amplitude of V2(t) could be measured at the
forcing frequency, co or 2co, and a known amplitude of oscillation,


